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A Supplementary Figures585

MaxEnt backgrounds586

Fig. A1: Raw outputs for Maxent with three different backgrounds. The three
geographic regions (a), (b) and (c) were used as background for the Maxent calculations
in the text, with the details described in the Methods section. The AUC values are 0.71
for region (a), 0.84 for region (b) and 0.82 for region (c)
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B The uniqueness of the positive equilibrium point of587

the equations (1) without Allee effect588

In equations (1) due to the Allee effect the growth rate of the population i is negative if

xi < M . A simple way to model this effect is by including the linear factor xi −M in the

expression of the corresponding growth rate. The equations (1) without Allee effect are

given by

ẋi = rixi − a x2i +
∑
h

δh ixh −
∑
h

δi hxi, (B1)

The uniqueness and existence of the equilibrium point of the equations 1 has been589

proved in Takeuchi (1989) by applying some theoretical results on cooperative systems.590

Here we sketch a geometrical proof of the uniqueness which seems to be more intuitive591

than the former. Indeed, we consider the case for three cells as a guide for the general592

n-dimensional model.593

The equations of the three cells system are594

ẋ1 = r1x1 − x21 + δ21x2 + δ31x3 − δ12x1 − δ13x1 = F1(x1, x2, x3),

ẋ2 = r2x2 − x22 + δ12x1 + δ32x3 − δ21x2 − δ23x2 = F2(x1, x2, x3), (B2)

ẋ3 = r3x3 − x23 + δ13x1 + δ23x2 − δ31x3δ32x3 = F3(x1, x2, x3).

The equilibrium points are the solutions of the system of equations Fi = 0, i = 1, 2, 3595

in the region O+ = {x1 ≥ 0, x2 ≥ 0, x3 ≥ 0}. The isoclines of the equations in the system596

(B2) are the surfaces Fi(x1, x2, x3) = 0, i = 1, 2, 3. To determine the number of597

equilibrium points of the equations in the system B2, we analyze the geometry of the598

isoclines (These are denoted by Eqx1, Eqx2, and Eqx3 according to i = 1, 2, 3). From599

the equation F1(x1, x2, x3) = 0 it follows that the iscocline Eqx1 is contained in the600
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surface given by601

x3 = −
δ21
δ31

x2 +
x21 − (r1 − δ12 − δ13)x1

δ31
. (B3)

The surface (B3) is a parabolic cylinder; for each point in the parabola602

P (x1) = (x1, 0,
x21−(r1−δ12−δ13)x1

δ31
), there is a straight line603

Lx1(x2) = (x1, 0,
x21−(r1−δ12−δ13)x1

δ31
) + x2(0, 1,− δ21

δ31
). The vertex of the parabola P (x1) is604

reached at x∗1 =
1
2
(r1 − δ12 − δ13); The line Lx∗1(x2) corresponding to x∗1 will be called605

Vertex Line. The cylinder is symmetric with respect to the plane which contains the606

Vertex Line and is orthogonal to x1 − x2 plane. Notice that the Vertex Line is located607

under the plane x3 = 0, for all x1, x2 ≥ 0, therefore, if r1 − δ12 − δ13 > 0 the isocline Eqx1608

is the cylindric region corresponding to x1 ≥ r1 − δ12 − δ13, x2 ≥ 0. Analogously, if609

r1 − δ12 − δ13 < 0, Eqx1 is the region corresponding to x1 ≥ 0, x2 ≥ 0 (see Figure B1).610
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Fig. B1: Isocline ẋ1 = 0. a) r1 − δ21 − δ13 > 0 ; b) r1 − δ12 − δ13 ≤ 0

The surfaces Eqx2 and Ex3 are similar to Eqx1, since the equations Fi(x1, x2, x3) = 0611

are analogous. The straight lines that conform the surface F2(x1, x2, x3) = 0 are defined612

by Lx2(x1) = (0, x2,
x22−(r2.δ21−δ23)x2

δ32
) + x1(1, 0,− δ12

δ32
); the Vertex Line Lx∗2 corresponds to613

x∗2 =
1
2
(r2 − δ21 − δ23). Notice that this line is contained in a plane which is transversal to614
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the Vertex Line Lx∗1(x2). Hence, the intersection γ of Eqx1 and Eqx2 in the positive615

octant is a curve whose intersection with any parallel plane to x3 = 0 consists of a just616

one point.617

Finally, The surface F3(x1, x2, x3) = 0 is contained in the cylinder determined by the618

lines Lx3(x2) = (
x23−(r3−δ31−δ32)x3

δ13
, 0, x3) + x2(− δ23

δ13
, 1, 0); The Vertex Line Lx∗3 corresponds619

to x∗3 =
1
2
(r3 − δ31 − δ32). Thus, Eqx3 cuts to γ in a single point (see Figure B2). This620

proves the existence and uniqueness of the coexistence equilibrium point for three cells.621

It is hard and very cumbersome to prove the existence and uniqueness of the622

equilibrium point for the general case of n cells. Shortly, the method is based in a623

reduction of n cells to n− 1 cells. We show how to reduce 4 cells to just 3. Let xi be the624

population in the patch i = 1, · · · , 4, then625

ẋi = rixi − xi2 +
4∑

i 6=j i=1

δjixi −

(
4∑

i 6=j,i=1

δij

)
xi. (B4)

Fig. B2: The uniqueness of the equilibrium point. In the figure, the black point on

the green line is the equilibrium point of the equations (B4).

Notice that for each positive value of x3 , the isoclines626

ẋ1 = 0, ẋ2 = 0, ẋ3 = 0,

are analogous to the case of three cells, hence their intersection consists of a single627

point which depends on x3. Thus, the intersection of these three isoclines generates a628

curve whose x4 coordinate grows monotonically, when x3 varies continuously. Therefore,629

the intersection of this curve with the isocline ẋ4 = 0 has a unique point.630
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