Appendix 1: A strict maximum likelihood explanation of MaxEnt

This Appendixcontainsthe stepstrict maximum likelihood explanation of MaxEnt (sMLe),
step by step. Aextended versigwith all intermediatess providedin the monograph by
Halvorsen (201319%2R5). Equation numbers follow Halvorsen (2013), with E§6 bf the
main textof the present articlgiven in bold, within square brackets.

The sMLe of MaxEnt is based on the &olling data model: Consider a study area that
is conceptualised as a rasterised geographical space, dividéd aqaalsized, quadratic
grid cells or pixels. A set of presence observations for a modelled target (for simplicity
referred to as the targeteat modelled, species) is given by the observed presence (OP)
vectorC = [cy, ...,G;, ...,cn] ", which consists of records of observed presenogyiid cells €;
= 1) and the information that presence or absence is unknown for the renh\giBingells
(ci = 0). The modelling may make use ofldligrid cells or, alternatively, a subset withof
these cellsN! Nr, as background observations. Thgresence cells are, by definition,
included among thB background cells. Thid Bn nonpresence cells are referred to as
uninformed background cel{slalvorsen 2012). We adopt the sorting convention that grid
cellsi = 1, ...,n are then observedresence cells and=n+ 1, ...,N are the uninformed

background cells. AN " smatrixZ = [Z,, ..., Z,] with sexplanatory variables as column

vectors, is also provided. Eagh = [z,;!! !l ]! contains elementz that are #raw$ values
for thejth variable in grid celi. All !, are recorded for each of thkobservation units.

In generéive MaxEnt [i.e., MaxEnt applied to presermaly data (Dud’k and Phillips
2009), as opposed to discriminative MaxEnt which uses presence/absence data], the response
variable actually modelled is the vector= [! 1, ..., I;, ..., I\]". The vectot is defined as the
true probability thabne specifipresence cellselected at random from all true presence cells
(i.e., then observed presence cells plus an unknown number of uninformed background cells
in which the modelled target is actually presestgrd celli (Phillips et al. 2006). The
response vectdr thus consists of true probability values (i.e., a set of values that sum to 1)
I, one value for each of tid background observation units. MaxEnt approximates (models)
the vectoll by a vectoof output estimate® = [t ...,q, ...,0n] " that, bydefinition, is
scaled so that thg values sum to 1 over tid background grid cellQ is therefore, just
like ! , a probability distribution.

In principle, the MaxEnt modé) is a function ofthes supplied explanatory variables

given by! . However, rather than using thedirectly in the modelling! , are represented by



mtransformed explanatory variabPés= [Xa, ..., Xk, ..., Xm], €achXy = [X1kE, Xik,.., % '. The

Xy are often referred to as OfeaturesO in accordance with rieatriimgy terminology (e.g.,
Phillips et al. 2006, Phillips and Dud’k 2008, Elith et al. 2011) but here we follow Halvorsen
(2012) using the term Oderived variable®, which better accordsigitital terminology.

The general relationship between DXisand EVSZ; is given by transformation and back

transformation functions andh®™ defined as follows:
X!'OHe'z;=1""X (2)

By definition, the vectorQ of generative MaxEnt model estimates for khgrid is adiscrete
probability distribution, i.e., th& Y , g; = 1. TheqOs are functions of+ 1 mode
parameters = [#, #, ...,# ....#n]' and the EVE, as represented by theDVs,

conditioned oxY q; = 1:

q = go' (Z)="',1X;! (4)

wherez = [z1,E, z,.., zJ denotesow vectors oZ, i.e., the values for theexplanatory
variables recorded for grid cé)landX; = [x1,E, Xi,.., %] denotesow vectors o, i.e., the
values for then derivedvariablesn grid celli, g,’ is the MaxEnt model expressed as a
function of the #raw$ EVs and the parameter v&ctandg, is the model expressed as a
function of the DVs andl . The predictions; from a MaxEnt model, expressed in term&of

by (4), can be baettansformed to a function & by use of (2):

i) =go(h ') (6)

Maximum likelihood estimation implies a search for the parameter vedtibie
model Q) that maximigs the likelihood of obtaining the vectorof true, underlying values
I'; of the modelled response (Hastie et al. 2088Fordingly, a maximum likelihood solution
to modelling of the overall ecological response implies finding the set of parameters % that
maximises Rg(! |Z); the probability of given the environmental conditio@s Note that
most statistical analyses rest on the assumption that observations of the response variable are
independent and identically distributed, drawn from the populafiafi possible

observations. In the context of distribution modelling by MaxEnt, this implies that (1), the



probability that one particular presence ¢glkelected at random from all presence cells, is a
specific grid cell,, is independent of (2), ¢hprobability that the cel is iy, for all pairs of
grid cellsiz andip,.

When PO data are used for distribution modelling, we do not know if the modelled
target isreally present or abseit theN Bn uninformed background cells. Let us consider the
rasterised observed presence or absence (OPA) Bestfin, ..., b, ...,by]"; the firstn
elements of which being observed presence grid @hsb; = 1), followed byn, Bn
uninformed background cells in which the modelled species is actually pfgse@tandb; =
1) andby N Bn, absence cell®(= ¢ = 0). The maximum entropy principle (Jaynes 1957a,
1957b), laid out by Phillips et al. (2006) as #the idea ... to @startarget probability
distribution by finding the probability distribution of maximum entropy (i.e., that is most
spread out, or closest to uniform), subject to a set of constraints that represent our incomplete
information about the target distributioe$hphasises that only reliable information shall be
used to estimate . The reliable information about sites where the modelled target is present

consists of grid cells with observed presergze (L) because we know for sure tltat 1 <

b= 1. Themodel withbest fit to reliable PO data is the modeM@ich approximates =
[l1, ..., 5, ..., IN]" by the discrete probability distribution vect®s = [y, ..., G, ...,an] ', the

elements of which are:

1

=~ fori=1,..,n

qsi = {n , : (19
Ofori>n

The vectorQs is an important reference distribution for MaxEnt modelliflge models is

the model with best fit to reliable information about the modelled target because it separates
then presence cells from tiéBn uninformed background cells. From a maximum

likelihood estimation perspective, the modegligXthesaturated model.e., the model that
accounts for all variation in the response variable, conditioned on the uninformed background
grid cells being treategs pseud@bsence observations, i.e., as surrogates for real absence
observations. Another important reference model isithlemodelQ,, the model for which

the available explanatory variables are of no use, or are not used, for predicting the presence
observations. The null model attributes to all grid cells the same probability of being a
randomly selected presence grid églWith N grid cells, the null model is the model with

! .
elementsy, ! - for all .



A basic principle in statistical model@ins to seek for the most parsimonious model,
i.e., the model which best combines simplicity (in termsathe number of model
parameters) and predictive ability (Hastie et al. 2008)h PO data, we do not know which
amongthe uninformed background bgi, i > n, that are presences and which are absences.
However, we do know with absolute certainty that the modelled target is present in observed

presence cells, i.e., ceflsr whichc = 1, because = 1= by = 1.In MaxEnt, restriction to use

of reliable information is accomplished by maximising the likelihood of the presence cells
only, i.e., touseé =! g with elementss; = gs; given by expression (4), as the reference
with which all models are compared. MaxEnt shall thus maximise the likeliho@ tpven
that the true probability distribution iss, andQ shall be a vector of maximum likelihood

estimates:
Q=llelg ! I (16)

For a set of independent observations, the likelihood of obtaining one particular vector
Q =|[qy, ...,G ...,0n] |, i.€., one specific parameterisation of the model, is the product of the
likelihoods for theN g; values. Since the model estit@sQ- by definition is a probability
distribution, the likelihood.- of Q- is therefore obtained as the product of likelihoods for

each observation

Ly = H{Y I I 'Hﬁ+1=1 q =Ley - Lg (19)1]

In accordance with theaximum likelihood principlewe seek the mod€)- that maximises

the fit of the data tb g, i.e., the model that maximises
Lo =TI}, Pr(!,! !:—!!! U ™ @y e, (20)

The fundamental principle of generative MaxEnt modelling (Jaynes 1957a, 1957b,
Dud’k et al. 2007, Dud’landPhillips 2009, Shipley 2010), to maximisg, instead of , ,
implies that the modé&)- that maximises the likelihood of timgpresence sites gearched for
rather than the model that maximises the likelihood df altes. This is a fundamental
difference between MaxEnt and, e.g., GLM (Shipley 2010). The model that optimises

however, likely to be close to the model that optimisebecause improving, , &by



increasing the likelihood; for a presence grid cal(ci=1;i! n) towardsl!— necessarily

implies lowering ofg; for at least one uninformed background cell and, hence, improvement
of " I(r, I 11T T and the likelihood ,, for uninformed background cells;& O;i ' n).
Because > b implies that Ina > In b, the model parameter vectorthat maximises

I/, also maximise$' L, , given by
S R S AR !I!—!!! H=yh, ", (21)2]

This expression is th€ullback-Leibler divergencéKullback 1959), an information theoretic

measure of the extent to which two vec®rs=[! 4, ..., i, ..., ']’ andQ = [0, ..., G, ..o O] "
="l !:—!!! Il tidiffer (Phillips et al. 2004, DukK et al. 2007, Shipley 2010, Elith et al.
2011).

Since all estimated probabilitigsare < 1 by definition, I < O for alli and hence
I"1,, <0. Maximising (21xanthereforebe accomplished byinimising! In!,, . By
convention, the quantity minimised in Maxent software islidt ,, but this quantity
divided byn, which we denot&' !, or, equivalently!" ', (for modelt), depending on the

context:
NPT (22)
By inserting (21) in (22), andsing (4), we obtain:

ML R gy (23)(3]

:!l " ge (1))

Della Pietra et al1997)provethat the MaxEnt distribution [the distribution that
minimises (23)] ighe Gibbs distribution:

I, = go(X;) = ePotZit 1 Oixi, (24)4]



in which #yis a #normalising constant$ that ensures that the S} vhlues satisfyhe
condition of summing to 1. Accordingly, the MaxEnt distribution is defined by the set of
parameter® which minimises the negative normalised-ldglihood (Dud’k et al. 2007).

Combining expressions (23) and (24) gives:

" Ly =! %Z?zlln (e90+Zkt1 Okxik), (25)5]
This quantity iknown agqthe empiricaljog loss(Phillips et al. 2006, Dud’kt al. 2007,
PhillipsandDud’k 2008).

The demand o#ythat theN g values shall sum to unity makésdependent on the

other parameter as follows:

Yhili=1
N g0kt Okxik = 1 (26)

Solving for (26) for % gives

o= — (27)

SN X1 Ok
from which is follows that the consta#is given by
0o =! In(XTN, e/ 1 0nik), (28)
Simplifying theexpression for log loss given by (2Bje obtain

1 1 m ,
InLe =¥ (—Ine%) ——F In ek Ok
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= In(ZL, ! 2 fiic) T, 6, - T (29)



wherex; is the mean of derived variabiin then observed presencells G = 1;i ! n).
Parameters % #{, #, ...,#, ....#n] ' of the best model are found as the solutions of

them equations:

2" Lg
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Lot (30)

Differentiating (18) with respect t# gives:
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Insertng (27) in (31) gives:
PhOLYN IR ke =

YN xyeefotliz= Ouxie = gx (32)

Finally, inserting (24) in (32) gives



X @i = % (33)

Expression (33) provides the set of conditions that have to bieshitr a modeRy
to be the maximum likelihood MaxEnt model: for all derived varialleshe weighted sum
of derived variable values, over allN grid cells usingy as weights, which we denatg,

shall equal the average Xf over then observed presence celts € 1), x;.

Xie = X (34)6]

Because thg; sum to unityoveri = 1, ...,N, I, is theweightedaverageof Xy, usingg as
weights.

The conditiorgiven by (34) thatthe mean of each derived variablg weighted byg;
i.e.,I , shall equathe empirical meaf in the subset of presence cedipplies to all derived
variablesThis conditionwhich we havelerived from he maximum likelihood principle,
corresponds exactly to the constraint on thexsd distribution implicit in the machire
learning implementation of the MaxEnt principle Pkillips et al.(2004, 2006)Dud’k et al.
(2007) show that finding the solution of maximum relative entropy under the constraints

given in (34) is equivalent toimimising the log loss given by (29).



Appendix 2: Nested MaxEnt modelcomparison tests

This Appendix contains the derivation of four tests for comparing nested MaxEnt models, all
based upon thstrict maximum likelihod explanation of MaxEnt (sMLeAn extended

versionof the derivationsyith all intermediatescan be foundn the monograph by

Halvorsen (201335E88). Equation numbers follow Halvorsen (201@jth Eqs ¥9 of the

main text given in bold, within square brackets
The likelihoodratio test
Let QpandQ; denote nested MaxEnt mode@@pbeing a submodel @:. This means that all

derived variables iQpare also included i;, and that); contains one or more derived
variables not included Qs The likelihood functions for presenobservations foQ and

Q! and!,, , are combined into the likelihood ratidg;, as follows:
oy = LL:f (53)

By use of the chsquared approximation of the kigelihood ratio (e.g., Hastie et al. 2009)
and insertind22) for the likelihood functions in (53), we obtain:

2-InLR, .~ ant_mt_

2(InMyy D1 s )~ X,

2n(InLe_ —In L))~ Xim,—m,_ (54)

wherey;,,_,,_ denotes the ckquare ¢%) distribution withm Pmp degrees of freedomm

andmgp denote the number of parameters in the respective models (the intgrioepided).
In terms of variion accounted for, given by], we obtain

2n((In Lo — v,2) — (In Lo — v))~ Xinp—m,._
2n(vy — v )~ sznt—mt_; (55)
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i.e., that 2 multiplied with the difference in variation accounted for by the two models
approximates a cksquare distribution with degrees of freedom equal to the difference in
number of parameters between the two models. In terms of regadizgion of the models,
given by[8], we obtain from (54)

2n((we- = InLg) = (We = In Ly D) ~ony 1 m,,

2| (Wt! - Wf)N X!mt—mt_ (56)

The likelihoodratio test can be applied to all pairs of nested models, including the saturated

and nullmodels.
The sequentidf-ratio test

Using expression (56) for comparison@fwith the saturated modé€Js, and the fact the

residual variationvs of the latter is O, we obtain

2n(t 1 w)! |: e

2nl UL (57)
where&denotes the appropriate degrees of freedom for the saturated model, i.e., the effective
number of independent observations of the response variable. Th&igrnegtlts from the
definition of m;, the number of parameters in mo@glwhich includegheintercept. The ratio
of two (>-squared distributions, normalised by the appropriate degrees of freedom, is
distributed (Myers et al. 2002). Accordingly, we obtain from (56) and (57 #iatistic for
comparison of nested MaxEnt modés andQ:.

twy! ! !!)
¢ t!!n! (W!!!!l!!!!!!!!!!

Fmt_m![” -ttt ! Wt“ - Pyttt bl (58)

(m—-m¢—1)

This statistic follows thé& distribution withm, Dmpand&bm BDmgp degrees of freedoso
thatthe Fratio testfor comparison of nested moddigpically used to compare nested GLM
models (e.g., Sokal & Rohlf 1995, Zuur et al. 2007), also applies to MaxEnt models.
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Halvorsen (2013%hows, by comparison aesults ofF-tests with different alternatives
for &with Maxent runs on randomised data sets, &waN Pn is the appropriate degrees of
freedom for the residuals in theaEnt null modellnserting for&in expression (58) gives:

wWe—we_)

(mt_mtl ) (Wt_Wt )-(N—n—mt—l)
Fpp. - M1 = — = > . 59
me—my, N—N—me—1 (N—n‘ffnt—l) Wt(mt_mt!) ( )

The degrees of freedom are given by the number of pararigierhe respective models.
Note that ach derived variable of t{@on-complex)spline typegcf. Table A3.1)s
associated with one and not witho degrees of freedom because all vahesf a ranged
spline derived variable (DV) are uniquely determined fermonce the position of the knot is
fixed.

Penalised information statistics

The maximum likelihood explanation for MaxEnt opensviarable selectiobased upon
model optimisation criteria (OGhatuse statistics of the penalised likelihood (PL) type, of
the general form given by:

PL =£2 4 (logikelihood) +' & n +1) (60)

wheremis the number of parameters in the mottefeneal, penalised information statistics

for model optimisation use the deviance [minus 2 " (the difference Htiketihood between

a model and the corresponding saturated model)] as a measure of model performance and the
number of model parameters (pluepas ameasuref model complexity. With ) = 2,

expression (60) becomes the AIC (Akaike$s information criterion; Akaike 29%fyen by

I"# 1 11 l(log-likelihood) + 2 +1). (61)

With ) = In &(where&is number of independent observations of the response vatlatle;

can be set tdl Bn; see above), expression (60) becomes BIC (the Bayesian information
criterion; Schwarz 1978), which penalises model complexity stronger than AIC for larger data
sets ( > 2 for&' 8).
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The expression for AIC given by (61) is adapted to MaxEnt md@giddg inserting
(22) and 8] in (61):

LD LTSI D)+ 2m+1) =1 Lw + 2(m +1) (62)

For BIC, the following expression is obtained:

BIC, = —2'n-wW+ In (NBn)(m +1) (63)
Randomisation tests

If realistic null models can be generated, e.g., by randomisation of the training data, a
randomisatiortest(permutation, or Monte Carl@pproachio comparisorof nestednodek

may perform better thathe F-ratio test otests based upgenalised likelihoods because
randomisation tests have fewer implicit assumptions. Randomisation tests imply that models
QwandQare compared by randomising the targetedZ={i.e., the EV that is represented

by DVs in Q; but not inQ:p) U times, for each randomisation deriving the appropriate new

DVs from the randomised EVs, and finding the MaxEnt model that corresponds to these DVs.
For each of thé&J + 1 MaxEnt modelsQ; andU models for randomisations of the relevant
subset o¥Z;, Q;,,, a test statistic such as the difference in variation accounted for by the model,
V; Or iy, @nd the variation accounted for by moQej vig, is recorded. A-value for the
randomisation tess obtained by counting the number of timids, a randomised model

performs better than the reference magel

p = Yotl (64)

u+1

Because all DVs derived from the same explanatory variable make up a dependent variable
set, the randomisation test cam be applied to individual DVs derived from the EVSs.



