
Appendix 1 1 

Applying the box-counting method to a diffusion growth model 2 

Introduction and methods  3 

We tested the robustness of the box-counting method by applying it to an expansion 4 

model with known scale-dependent pattern. We chose a simple diffusion growth model in 5 

which the movement of the invasion front approaches asymptotically a constant speed VF as 6 

time becomes sufficiently large (Andow et al. 1990). Our model assumes a radial expansion 7 

over homogeneous environment. Therefore, decadal expansion rates are invariant across 8 

scales smaller than VF and should equal D2/(D-1)2 in the Dth decade. At scales larger than VF, 9 

the expansion rate should rapidly decline to zero, but will occasionally rise when the range of 10 

the population breaks the boundary of those larger scales.  11 

In this analysis, we set the constant VF as 186 km per decade and let the population 12 

expand radially for 6 decades. We randomly sampled 50 points within the population range in 13 

the first decade and then consequentially increased the number of random sampling points in 14 

the following decades. The increase was proportional to the increase in range size between 15 

decades. We then applied the box-counting method to those sampling points to calculate the 16 

expansion rate for the 2nd – 6th decade. The estimation was done at the scale of 1, 2, 5, 10, 17 

20, 50, 100, 200, 500, and 1000 km scale. We expected that the estimates at 1 – 100 km scale 18 

match the theoretical rate of D2/(D-1)2; the rate at 200 km scale be slightly lower than the 19 

theoretical rate because the scale is slightly beyond the VF; and the rate at 500 and 1000 km 20 

be zero except for decades in which the invasion front move into new squares of 500 and 21 

1000 km size. 22 

Estimates from the box-counting method can be sensitive to the placement of the grid. 23 

We shifted the grid from its original placement (population starts at the center of the grid) in 24 

16 directions (π/8 radians apart) and three distances (600m, 26km, and 108 km) in each 25 



direction. Those replacements allowed us to assess how much fluctuation in estimates of 26 

expansion rate can be caused by grid placement. We then averaged the estimates over all the 27 

placements to examine whether those mean estimates are more reliable in representing the 28 

true expansion rate. 29 

Results and discussion 30 

The estimated expansion rates at 1 – 100 km scale generally match their theoretical 31 

values (Fig. A1). Fluctuations of the estimates due to grid replacements become noticeable at 32 

scales beyond 50 km and the degree of fluctuation increases with scale. The 49 different grid 33 

placements only result in a few different estimates, suggesting many placements give 34 

consistent estimates. Estimates in the second decade have stronger fluctuation than those in 35 

other decades, probably because of the lower number of sampling points. 36 

When fluctuations in estimates are large, taking the mean over all the placements 37 

gives a more reliable expansion rate (closer to the theoretical value) than using an estimate by 38 

a single grid placement.  39 

As predicted, the expansion rate at 200 km is lower than those at smaller scales 40 

because the invasion front moves at a speed slightly slower than 200 km per decade.  At 500 41 

and 1000 km scale, the expansion rate is either close to zero or surges dramatically. Since 42 

those two scales are much beyond the invasion speed, a quantitative interpretation of their 43 

expansion rates is not very meaningful. Any surge is a qualitative indication that the invasion 44 

front moved into new 500 or 1000 km squares in that decade.  45 

Overall, the box-counting method is capable of reproducing the expected scale 46 

dependent or independent pattern of range expansion. Its estimates can be sensitive to grid 47 

placement especially at larger scales. Averaging the estimates over multiple placements can 48 

ease the sensitivity and produce more reliable results. 49 



 50 

Figure A1. Expansion rates in a diffusion growth model estimated by the box-counting method at 1 – 51 

1000 km scales. Dash lines indicate the theoretical values of the expansion rate at 1 – 100 km scale. 52 

Each “+” indicates an estimated expansion rate by each grid placement. Circles are the mean over 53 

estimates of all grid placements. 54 
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Appendix 2 58 

Quantifying sampling bias by applying box-counting method to herbarium records of 59 

native species 60 

Introduction and methods 61 

Herbarium sampling efforts may vary across spatial scales and between decades. This 62 

variation will introduce bias to our multi-scale analysis. To correct for the potential 63 

spatiotemporal sampling bias, we chose herbarium records of three native winter annual 64 

species (Plantago patagonica, Lepidium lasiocarpum, and Chaenactis stevioides) collected 65 

between the 1950s and the 2000s and applied the box-counting method to those records. We 66 

shifted the grid placement as in the analysis for Sahara mustard and for the diffusion growth 67 



model.  68 

These three species are commonly found in the southwestern North America. We 69 

assumed that the distribution of those native species were relatively stable during this period. 70 

Any deviation from zero expansion rate can indicate decadal difference in sampling efforts. 71 

We estimated the “expansion” rates at 1, 2, 5, 10, 20, 50, 100, 200, and 500 km scale. We 72 

expected that the rates were close to zero at the 500 km scale (i.e. no sampling bias at this 73 

scale) if the distribution of the native species stayed stable.  It is unlikely that herbarium 74 

collectors would search for those plants in a 500 x 500 km region in one decade and 75 

completely ignored that region in the following decade.  76 

Results and discussion 77 

The “expansion” rates at 1-100 km scales substantially deviated from zero in each 78 

decade for all three species (Fig. A2a-c). Estimates by different grid placements were quite 79 

consistent with each other. Surprisingly, at 500 km scale, range of C. stevioides showed 80 

strong contraction in the 2000s and the range of L. lasiocarpum showed expansion and 81 

contraction in the 1960s and the 1970s respectively. As explained, we consider those regional 82 

scale expansion and contraction unlikely a result of sampling bias but more likely a reflection 83 

of true regional scale range shift by these two species. This interpretation is further supported 84 

by the fact that while one species showed regional scale range shift in one decade, the other 85 

two species did not show the same trend.   86 

To avoid using true range shifts as indicators of sampling bias, for each decade we 87 

combined records of only species whose 500 km scale range remained stable. In particular, 88 

we combined records of P. patagonica and C. stevioides to calculate the native “expansion” 89 

rates in the 1960s and the 1970s, records of all three species to calculate the rates in the 1980s 90 

and the 1990s, and records of P. patagonica and L. lasiocarpum to calculate the rates  in the 91 

2000s (Fig. A2d).  At each scale, we averaged the estimates over all the grid placements and 92 



used this mean as a quantitative indicator of sampling bias. We subtracted those native 93 

“expansion” rates from those of Sahara mustard to calculate the corrected expansion rate of 94 

this invasive species (Fig. 1c in main text). 95 

96 
Figure A2. Decadal “expansion” rates estimated by the box-counting method for three native winter 97 

annual species (a) Plantago patagonica, (b) Chaenactis stevioides, and (c) Lepidium lasciocarpum 98 

representing the variation in herbarium sampling efforts between decades. C. stevioides and L. 99 

lasiocarpum show range shifts at the 500 km scale in some decades, which are unlikely a result of 100 

change in sampling efforts at such a large scale. (d) We derived the combined “expansion” rates to 101 

represent sampling bias by combining records of P. patagonica and C. stevioides for estimates in the 102 

1960s and 1970s, records of all three species for estimates in the 1980s and 1990s, and records of P. 103 



patagonica and L. lasiocarpum for estimates in the 2000s.   104 

 105 

Appendix 3 106 

Inquiring distribution of Sahara mustard in North America and its native range 107 

 To infer the historical and current distribution of Sahara mustard in North America, 108 

we searched a large number of online herbarium databases covering the continent (Table A1) 109 

and acquired all the collection data points wherever possible. Only four databases (indicated 110 

by stars in Table A1) have records of Sahara mustard and the majority of the records came 111 

from SEINet and CCH. In these two databases, the total number of all plant collections and of 112 

Sahara mustard varied strongly among decades and among different states (Table A2). We 113 

applied the box-counting method to those herbarium records to calculate decadal expansion 114 

rates across multiple spatial scales. 115 

  We also acquired records from invasive plant surveys conducted in Arizona and 116 

California in the 2000s (second section in Table A1). We used those records, combined with 117 

herbarium records, to build species distribution models for inferring the climatic niche of 118 

Sahara mustard. 119 

 To infer the distribution of Sahara mustard over its native range, we surveyed the 120 

existing literature and inquired the Global Biodiversity Information Facility (GBIF) database. 121 

Distribution inferred from each source is listed in Table A3. 122 

 123 

Table A1. List of herbarium databases and invasive plant surveys inquired in this study. “*” 124 

indicates a herbarium database in which records of Sahara mustard were used in this study. 125 

Region Herbarium Database 

Global  

*Global Biodiversity Information Facility (GBIF) 



Southwest *Southwest Environmental Information Network (SEINet) 

*Consortium of California Herbaria (CCH) 

*New Mexico Biodiversity Collections Consortium 

University of Texas Herbarium 

Botanical Research Institute of Texas Herbarium 

University of Oklahoma Vascular Plants Database 

University of Utah Garret Herbarium 

Intermountain Region Herbarium Network 

Northwest Consortium of Pacific Northwest Herbaria 

Great Plains and 

Midwest 

Great Plains Herbarium Network 

Black Hills State University Herbarium (South Dakota and Wyoming) 

Iowa State University Herbarium 

Wisconsin Botanical Information System 

University of Michigan Herbarium 

Southeast Southeast Regional Network of Expertise and Collections 

Northeast Consortium of Northeastern Herbaria 

Region Invasive plant surveys 

Southwest Southwest Exotic Plant Mapping Program (SWEMP) 

California Invasive Plant Council (Cal IPC) 

Saguaro National Park Survey 

Cameron Barrow’s study of Sahara mustard in Coachella Valley, 

California 

Author’s personal records 
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